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Abstract
I review recent progress in thermalization in heavy-ion collisions, with particular emphasis on hydrodynamic attractor,
and also report recent progress in hydrodynamic fluctuations.
Keywords:
1. Thermalization in heavy-ion collisions
One of the fundamental questions in relativistic heavy-ion collisions is the early thermalization problem.
Although the initial condition for the relativistic heavy-ion collisions is not fully understood yet, that in the
high energy limit is given by classical gluon fields of the coming two nuclei based on the color glass con-
densate picture [1]. In this picture, strong color electric and magnetic fields are created in the longitudinal
direction, whose stress tensor is highly anisotropic, i.e. longitudinal component Tηη ≡ PL/τ2 is negative
and transverse components Txx = Tyy ≡ PT are positive. Phenomenological success of hydrodynamic de-
scription for collective expansions in the heavy-ion collisions suggests the formation of locally equilibrated
isotropic matter as early as 1 fm/c. So far, no theoretical calculation has succeeded in explaining such a
rapid transition from strong color field configuration to thermalized system of quarks and gluons, namely
the quark-gluon plasma (QGP).
There have been a number of studies of isotropization in the Bjorken expansion, which assumes the boost
invariance in the longitudinal direction and translational invariance in the transverse plane. Such studies
range from kinetic theory simulation for weakly coupled quark-gluon plasma to holographic calculation for
strongly coupled gauge theory plasma, which contain theoretical descriptions beyond hydrodynamics. It
is found that starting from various initial conditions, evolution of pressure anisotropy PL/PT is accurately
described by hydrodynamic gradient expansion for PL/PT & 0.4 [2, 3]. Since the applicability of gradient
expansion is a key assumption for the hydrodynamic description, this surprising results indicate that early
thermalization or isotropization may not be necessary in the heavy-ion collisions but at the same time raise
a following question: how far from equilibrium is hydrodynamics applicable?
Conventionally, hydrodynamics is regarded as a low energy effective theory near thermal equilibrium. Its
equation of motion is written solely by hydrodynamic modes such as conserved densities, Nambu-Goldstone
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becomes ill defined. Perhaps unsurprisingly, truncating
Eq. (10) at first or second order gives results distinctly
different from the attractor at very small w. The magnitude
of this difference depends on the values of the transport
coefficients (this point is discussed further in the
Supplemental Material [20]). Assuming N ¼ 4 SYM
parameter values, we see that adopting just the viscous
hydrodynamics constitutive relations provides a remark-
ably good approximation of the attractor for a wide range of
w. In particular, this holds with an error smaller than 10%
for w > 0.5.
Examining the behavior of f for w close to zero, one
finds two solutions, one of which is stable:
fðwÞ ¼ 2
ffiffiffiffiffiffiffiffi
CτΠ
p þ ffiffiffiffiffiCηp
3
ffiffiffiffiffiffiffiffi
CτΠ
p þOðwÞ: ð12Þ
By setting the initial value of f at w ≈ 0 arbitrarily close to
Eq. (12), the attractor can be determined numerically with
the result shown in Fig. 1.
Another way of characterizing the attractor is to expand
Eq. (9) in derivatives of f—this is an analog of the slow-roll
expansion in theories of inflation (see, e.g., Ref. [21]). At
leading order one finds
fðwÞ ¼ 2
3
−
w
8CτΠ
þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
64CηCτΠ þ 9w2
q
24CτΠ
: ð13Þ
Continuing this to second order gives an analytic repre-
sentation of the attractor which matches the numerically
computed curve even for w as small as 0.1.
Finally, one can also construct the attractor in an
expansion around w ¼ 0 starting with the fðwÞ given by
Eq. (12). It turns out that the radius of convergence of this
series is finite.
All three expansion schemes described above are
consistent with the numerically determined attractor.
Hydrodynamic gradient expansion at high orders.—In
what follows we focus on the hydrodynamic expansion, the
expansion in powers of 1=w. It is straightforward to
generate the gradient expansion up to essentially arbitrarily
high order (in practice, we chose to stop at 200). The
coefficients fn of the series solution
fðwÞ ¼
X∞
n¼0
fnw−n ð14Þ
show factorial behavior at large n, as seen in Fig. 2. This is
analogous to the results obtained in Ref. [6] for the case of
N ¼ 4 SYM theory.
In view of the divergence of the hydrodynamic expan-
sion, we turn to the Borel summation technique. The Borel
transform of f is given by
fBðξÞ ¼
X∞
n¼0
fn
n!
ξn ð15Þ
and results in a series which has a finite radius of
convergence. Note that in Eq. (15) large w corresponds
to small ξ. To invert the Borel transform, it is necessary to
know the analytic continuation of series (15), which we
denote by ~fBðξÞ. The inverse Borel transform
fRðwÞ ¼
Z
C
dξe−ξ ~fBðξ=wÞ ¼ w
Z
C
dξe−wξ ~fBðξÞ; ð16Þ
whereC denotes a contour in the complex plane connecting
0 and ∞, is interpreted as a resummation of the original
divergent series (14). To carry out the integration, it is
essential to know the analytic structure of ~fBðξÞ.
We perform the analytic continuation using diagonal
Padé approximants [22], given by the ratio of two poly-
nomials of order 100. This function has a dense sequence of
poles on the real axis, starting at ξ0 ¼ 7.21187, which
signals the presence of a cut originating at that point [23].
FIG. 1 (color online). The blue lines are numerical solutions of
Eq. (8) for various initial conditions; the thick magenta line is the
numerically determined attractor. The red dashed and green
dotted lines represent first and second order hydrodynamics.
FIG. 2 (color online). The large order behavior of the hydro-
dynamic series. The slope is consistent with the location of the
singularity nearest the origin, as given by Eq. (17).
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longitudinal pressure. As can be seen from the right panel,
both the MIS and DNMR attractors “pull” the system
towards negative longitudinal pressures since φ > 3/4 at
early times corresponds to small w¯. This behavior does not
occur in aHydro since, in this case, 1/2 < φ < 3/4.
Next we turn to Fig. 3 where we compare the aHydro,
MIS, and DNMR attractors to the corresponding quantity
obtained from the exact solution to the 0þ 1d RTA
Boltzmann equation (41). Additionally, in Fig. 3 we
include a curve showing the Navier-Stokes (NS) result [45]
φNS ¼ 23þ
4
9
cη/pi
w¯
; ð44Þ
which can be obtained by taking the w → ∞ limit of (35)
and truncating at the first nontrivial order. As Fig. 3
demonstrates, the aHydro attractor solution is virtually
indistinguishable from the exact RTA attractor. In fact, it is
unclear to us whether the remaining differences, being a
maximum of 0.04% in the range shown, might be purely
numerical in origin. Since aHydro involves not only a
resummation in Knudsen number but also in the inverse
Reynolds number, the excellent agreement found between
the aHydro solution and the exact kinetic theory result sug-
gests that the inverse Reynolds number resummation may
also be a property of the latter. This may serve as a guide to
derive other new approaches to far-from-equilibrium hydro-
dynamics that do not rely on a perturbative treatment of both
the Knudsen and the inverse Reynolds number series, which
may be particularly useful in the search for a novel (causal
and stable) hydrodynamic theory that incorporates the
quasinormal oscillatory behavior found at strong coupling
using holography [62,82,83].
Turning to the second-order approaches, we see that the
DNMR attractor is in significantly better agreement with
the exact RTA attractor solution than MIS, as one might
expect since the MIS equations have the incorrect value of
βpipi within RTA. In this plot, the NS solution is included to
emphasize that this approximation, although previously
thought of as the late-time attractor, does not coincide with
the attractor solution until one reaches very large values of
w¯ (i.e., sufficiently close to local equilibrium).
Finally, we turn to Figs. 4 and 5. In these figures we
compare the numerical solution of the aHydro and DNMR
dynamical equations along with their respective attractors
and the NS solution. For the numerical solutions (grey
dashed), we fixed an initial energy density ϵ0 at proper time
τ0 and then varied the initial condition for Π0 over a given
range. For the case of aHydro, we varied Π¯0 in the range
−2/3 ≤ Π¯0 ≤ 1/3, which is the full range of variation
allowed in aHydro corresponding to −1 < ξ0 < ∞. This
maps to initial conditions which have inverse Reynolds
numbers in the range 0 < R−1pi ≲ 2.45 and covers an
FIG. 2. The left panel shows the solution for φ, and the right panel shows the solution for the corresponding pressure ratio PL/PT .
FIG. 3. The aHydro, MIS, and DNMR attractors compared to
the attractor obtained from the exact solution to the RTA
Boltzmann equation. Note that the MIS attractor, which has
the slowest approach to the exact solution, eventually converges
to the exact attractor from bove, but at larger w¯ than shown.
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Fig. 1. (Left) Time evolutions of pressure anisotropy of conformal c usal hydrodyna ics from different initial conditions in the
Bjorken expansion. Figure adapted from [5]. (Right) Hydrodynamic attractors of pressure anisotropy for conformal kinetic theory with
relaxation time approximation (RTA) and its various approximations in the Bjorken expansion. Figure adapted from [6].
modes, and U(1) gauge fields of unbroken gauge symmetries, using the gradient expansion and the sym-
metry principles. In addition to these hydrodynamic modes, the system also contains non-hydrodynamic
modes that evolve fast. When the spatial variation is small, the non-hydrodynamic modes can be quickly
adjusted to the surrounding environment so that a few local gradients can characterize their response to the
variation. When the spatial variation is large, it usually tak s time even fo the non-hydr dynamic modes
to get adjusted to the environment. However, once they are adjusted to the large gradient, they are not
dynamical anymore and the number of effective degrees of freedom is reduced. There ore, nce the non-
hydrodynamic modes are ineffective and if their non-perturbative response to the large gradient is known,
hydrodynamic description (only in terms of the hydrodynamic modes) can be ex ended further out of equi-
librium [4]. In the following section, I will review hydrodynamic attractor which explicitly demonstrates
how far-from-equilibrium hydrodynamics can be constructed. Then, I will also review hydrodynamic fluc-
tuations which ar c used by the equilibrated non-hydrodynamic modes and become important when the
number of particles is small.
2. Hydrodynamic attractor
2.1. Physical mechanism of hydrodynamic ttractor
Let us start by an example of the hydrodynamic attractor for conformal causal hydrodynamics in the
Bjorken expansion [5]. I this ase, the hydrodynamic mode is the energy density e and non-hydrodynamic
mode is the shear mode φ and they evolve according to
−de
dτ
=
+ P(e) − φ
τ
, −τpi dφdτ = φ −
4η
3τ
+
4τpiφ
3τ
+
λ1φ
2
2η2
. (1)
The energy density gets smaller by the Bjorken expansion and the longitudinal work. The shear mode
relaxes toward the Navier-Stokes value 4η/3τ, but the Bjorken expansion (4τpiφ/3τ) disturbs the relaxation.
There is also a nonlinear self interaction term λ1φ2/2η2 due to the conformal symmetry. The left panel of
Fig. 1 shows time evolution of f ≡ 23 + φ4e which approaches 2/3 in the long time. Each blue line represents
the evolution from different initial conditions and the non-hydrodynamic mode is getting adjusted to the
Bjorken expansion. All the curves eventually asymptote to the attractor solution. It is clear that the attractor
can characterize the solutions beyond the regime where the gradient expansions work.
The right panel of Fig. 1 compares hydrodynamic attractors in the Bjorken expansion for conformal
kinetic theory with relaxation time approximation (RTA) and its various approximations [6]. The RTA
kinetic theory in this setup solves[
∂τ − pz
τ
∂pz
]
f (p, τ) = − f (p, τ) − feq(p; Teff)
τR
, τR(τ) ∝ Teff(τ)−1 ∝ e(τ)−1/4, (2)
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Fig. 2. (Upper) Asymptotic momentum distributions of free streaming particles in the Bjorken expansion. (Lower) Asymptotic mo-
mentum distribution of interacting particles in the Bjorken expansion.
where f (p, τ) is the momentum distribution in the local rest frame. It contains one hydrodynamic mode,
namely the energy density, and infinitely many non-hydrodynamic modes from the higher moments of
f (p, τ). All the approximations here result in different versions of causal hydrodynamics, which contain
single non-hydrodynamic mode in this setup. In spite of such a big difference in the non-hydrodynamic
sector, the hydrodynamic attractors of causal hydrodynamics are within 10% error from that of the RTA
kinetic theory as can be seen in the figure.
The reason why the causal hydrodynamics is a good approximation to the RTA kinetic theory is given
by asymptotic behaviors of both theories [7, 8]. Let us first briefly analyze the asymptotic behavior of the
RTA kinetic theory. At initial times τ  τR, the collision term can be neglected because almost no collision
takes place and the RTA kinetic theory describes the free streaming particles. In this free streaming limit,
typical longitudinal momentum pz gets smaller and smaller because a particle with finite momentum moves
away from the rest frame. Therefore the momentum distribution becomes flat and the longitudinal pressure
vanishes PL → 0 as shown in the upper panel of the Fig. 2. The long-time behavior of the energy density
is thus e(τ) ∝ τ−1. Going backward in time ignoring the physical inapplicability of the kinetic theory for
a moment, the longitudinal pressure becomes larger and larger PL ' e and the early-time behavior of the
energy density is e(τ) ∝ τ−2. When the collision term is included for τ & τR, the long-time asymptotic
behavior is the well-known hydrodynamic scaling and the energy density is e(τ) ∝ τ−4/3. In this way, it is
the exponents of physical quantities that characterize the asymptotic behaviors of different regimes.
At this point, it is useful to perform fixed point analysis for the logarithmic growth rates of physical
quantities. Let us define gn as the logarithmic growth rates of the n-th moments of the momentum distri-
bution Ln ≡
∫ d3 p
(2pi)3 p0
|p|2P2n(pz/|p|) f (p, τ), where P2n is a Legendre polynomial of order 2n. The first two
are:
g0(τ) ≡ d logL0d log τ =
d log e
d log τ
, g1(τ) ≡ d logL1d log τ =
d log(PL − PT )
d log τ
. (3)
Each solution of the RTA kinetic theory can be mapped to a trajectory in the space of gn (n = 0, 1, 2, · · · ).
As shown above for g0, there are three fixed points in the RTA kinetic theory. With a more elaborate
analysis, one can obtain these fixed points in the space of gn: (i) free-streaming UV fixed point (gn = −2),
(ii) free-streaming IR fixed point (gn = −1), and (iii) hydrodynamic IR fixed point (gn = −(4 + 2n)/3) 1.
The system starts off somewhere and approaches the free-streaming IR fixed point and then dragged to the
hydrodynamic IR fixed point. The attractor is a solution that starts from the free-streaming IR fixed point
and evolves toward the hydrodynamic IR fixed point. Note that the approach to the free-streaming IR fixed
point is power-law like without any intrinsic time scale while that to the hydrodynamic IR fixed point takes
place with a relaxation time scale [9].
1 UV (ultraviolet) stands for the early-time behavior and IR (infrared) stands for the long-time behavior. Note that free-streaming
IR fixed point is not a true fixed point in the full RTA kinetic theory.
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We can perform a similar analysis to show that the causal hydrodynamics, which corresponds to 2-
moment truncation of the RTA kinetic theory, has corresponding fixed points close to those in the RTA
kinetic theory. Truncated equations of motion are written in the matrix form
τ
d
dτ
(L0
L1
)
= −
(
4/3 2/3
8/15 38/21
) (L0
L1
)
−
(
0
τ
τR
L1
)
, (4)
and one can readily find the free-streaming UV and IR fixed points at (g0, g1) ≈ (−2.21,−2.21) and (g0, g1) ≈
(−0.93,−0.93) and the hydrodynamic IR point at (g0, g1) = (−4/3,−2), which are close to or the same with
the fixed points of the RTA kinetic theory. This means that the causal hydrodynamics captures the global
features of the RTA kinetic theory solutions even at early times and the hydrodynamic attractor of the latter
is well approximated by that of the former.
2.2. New developments in the attractor
Far-from-equilibrium hydrodynamics based on the hydrodynamic attractor is a very rapidly developing
field [2, 4, 5, 6, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. Theoretical methods include Borel resummation
of large order gradient expansion, slow-roll approximation, and direct numerical simulations. The fixed
point analysis introduced above not only demonstrates a useful approximation scheme, which is the moment
truncation for the RTA kinetic theory, but also points out that the existence of the free-streaming IR fixed
point is essential to the hydrodynamic attractor 2. There are also a few interesting developments reported in
this conference, which I briefly summarize here.
The fixed point analysis explained above is for the RTA kinetic theory, which is governed by linearized
Boltzmann equation. The QCD effective kinetic theory solves full collision term of 1-to-2 and 2-to-2 pro-
cesses for hard gluons and quarks. This theory is known to contain a non-thermal fixed point far from
equilibrium, namely overpopulated anisotropic plasma, which is the first stage of the bottom-up thermal-
ization scenario [22]. Numerical analysis of the QCD effective kinetic theory suggests that the momentum
distribution function exhibits scaling behavior fg(p⊥, pz, τ) = τα(τ) fS (τβ(τ) p⊥, τγ(τ) pz) even before the sys-
tem reaches the non-thermal fixed point [23]. The time-dependent exponents α(τ), β(τ), and γ(τ) slowly
approach the values α ≈ −0.7, β = 0, and γ ≈ 0.3 at the non-thermal fixed point [22, 24]. This phenomenon
is called pre-scaling. In the pre-scaling regime, the momentum distribution is characterized by only three
scaling exponents which evolve slowly in time, suggesting an attractor behavior.
Another interesting development is a new concept of adiabatic hydrodynamics [25]. The adiabatic
hydrodynamics is a way to extract hydrodynamic attractor from a microscopic theory, such as kinetic theory,
by tracing the slowest configuration at each time, assuming all the other configurations decay quickly. This
idea is borrowed from a well-known adiabatic approximation of quantum mechanics with an energy gap.
The adiabatic hydrodynamics is applied to the RTA kinetic theory, whose linearized Boltzmann equation
finds a clear correspondence to the time-dependent Schro¨dinger equation, and qualitatively reproduced the
attractor of the RTA kinetic theory. It suggests that the adiabatic “ground state” effectively selects the
attractor solution.
2.3. Phenomenological application of the attractor
Once the hydrodynamic attractor is known, is there anything interesting we can discuss with it? There
are actually very interesting phenomenological applications of the hydrodynamic attractor [26, 27, 28, 29],
from which I pick one recent example [26]. The left panel of Fig. 3 shows energy attractors calculated by
several different models ranging from weakly coupled QCD plasma to supersymmetric Yang-Mills theory at
strong coupling. The energy density is normalized to the ideal hydrodynamic solution τ4/3e(τ)/(τ4/3e)hydro
so that it approaches 1 at late times. Going backward in time, the longitudinal pressure is weaker than that
2 The AdS/CFT calculation for strongly coupled plasma in the Bjorken expansion indicates that there is no early-time IR fixed point
and the attractor behavior emerges only at late time about the relaxation time scale [9]. This is in sharp contrast to the weakly coupled
plasma, where free-streaming behavior is naturally expected.
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Fig. 3. (Left) Energy attractors of different theories in the Bjorken expansion. Both the energy density and the time scale is properly
normalized so that the attractors of different theories behave similarly. (Right) Initial energy per spacetime rapidity 〈dE/dηs〉 is
estimated by the formula (6). Measured energy per particle rapidity dE/dy is compared. Both figures adapted from [26].
of the ideal hydrodynamics because the system is still anisotropic. Therefore the normalized energy density
gets smaller at earlier times. Important observation is that all the attractors of different theories with different
time scales behave similarly once the time is scaled by the equilibrium relaxation time ω˜ = τTeff/(4piη/s).
Independently of the model details, we can compare the initial energy density to the late time energy density
and late time entropy density via the equation of state e = (νeffpi2/30)T 4 = (3/4)sT :
τ4/3ini e(τini) ≈ τ4/3hydroe(τhydro)ω˜4/9, τhydros(τhydro) ≈ (4piη/s)1/3 ν1/3eff e(τini)τini. (5)
The late time entropy only increases slightly by viscous effects even after the transverse expansion sets in so
that it is almost conserved until the freezeout. Therefore a dominant part of the entropy production is related
to the initial energy density by using the attractor.
The formulae can be used inversely to estimate the initial energy density from the charged particle
multiplicity:
τinie(τini) ∼ 30
(
4piη
s
)−1/2
ν−1/2eff
(
dNch
AT dη
)3/2
, (6)
where AT is the transverse area of the fireball. The right panel of Fig. 3 compares the measured energy
per particle rapidity dE/dy and the initial energy per spacetime rapidity 〈dE/dηs〉 estimated by the above
formula and the difference must come from the amount of work done by the thermalizing QGP. In the
estimate of the initial energy density, typical values are adopted for the parameters such as shear viscosity to
entropy density ratio. Since the longitudinal work must be positive, some larger values for the ratio of shear
viscosity to entropy density is rejected only by using independent experimental data.
3. Hydrodynamic fluctuations
3.1. Kinetic regime of hydrodynamic fluctuations and hydro-kinetic theory
After enough time has passed, the non-hydrodynamic modes are almost equilibrated and their effects
can be described by linear response and noise, which are related by the fluctuation-dissipation theorem
[30]. The hydrodynamic equation is still the conservation law but the energy-momentum tensor contains
noise contributions. In the presence of noise, hydrodynamic fluctuations are excited, evolve, and relax
on the background flow. In contrast to the non-hydrodynamic modes, some hydrodynamic fluctuations
can never get equilibrated on the background flow. The kinetic regime k∗ characterizes the wave number
at which the time scales of relaxation 1/γηk2 = 1/(η/sT )k2 and background expansion τ balance. The
hydro-kinetic theory is the theory that describes the dynamics of particle-like modes in the kinetic regime
k∗ ∼ 1/√γητ  1/τ, which are the most important out-of-equilibrium fluctuations [31, 32, 33].
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The hydrodynamic fluctuations in the kinetic regime give two kinds of nonlinear contributions to the
total energy-momentum tensor. Their contribution is sensitive to the hard cutoff Λ of the wavenumber and
the cutoff dependence needs to be canceled by renormalizing the background energy density e0, pressure p0
and viscosities η0, ζ0 [31, 32, 34]:
e(T ) = e0(T ; Λ) +
TΛ3
2pi2
, p(T ) = p0(T ; Λ) +
1 + T2 dc2s0dT
 TΛ36pi2 , (7)
η(T ) = η0(T ; Λ) +
TΛ
30pi2
 e0 + p0
ζ0 +
4
3η0
+
7(e0 + p0)
2η0
 , (8)
ζ(T ) = ζ0(T ; Λ) +
TΛ
18pi2
 1 + 3T2 dc2s0dT − 3c2s0
2 e0 + p0
ζ0 +
4
3η0
+ 4
(
1 − 3c2s0
)2 e0 + p0
2η0
 . (9)
This means that the fluctuating hydrodynamics is a cutoff dependent theory like quantum/statistical field
theories. Physically, the energy density e0(Λ), pressure p0(Λ), and viscosities η0(Λ), ζ0(Λ) in the equations
of fluctuating hydrodynamics represent the equilibrium properties of the modes above the cutoff Λ including
the hydrodynamic fluctuations with k ≥ Λ. After the renormalization, the remaining contribution to the
stress tensor from the hydrodynamic fluctuations [Ti j]fluct is genuinely out-of-equilibrium. It is estimated
by counting the number of modes
∫
k∗
1 ∼ k3∗ and each mode contributes by ∼ T , yielding [Ti j]fluct ∼ Tk3∗ ∼
T/(γητ)3/2. In the Bjorken expansion, the noise averaged longitudinal pressure is given by [31]〈
τ2T ηη
〉
= p − 4η
3τ
+
1.08318T
(4piγητ)3/2
+ · · · . (10)
In contrast to the non-hydrodynamic modes which decay with a finite relaxation time, the out-of-equilibrium
contribution [Ti j]fluct from hydrodynamic fluctuations lasts long (the long-time tail [35]). It gets smaller
because the phase space volume of the kinetic regime k3∗ decreases by the Bjorken expansion.
Recently, the hydro-kinetic theory for a general background flow is developed [36]. Since the hydrody-
namic fluctuations in the kinetic regime is a particle-like mode on the background flow, this generalization
allows for all kinds of local flows in the background, namely rotation and acceleration as well as shear and
bulk flows. Also, this generalization explicitly takes account of non-uniform background flow by using the
mathematical notions of confluent correlators and confluent derivatives so that the local description is ob-
tained in a covariant manner. For example, equation of motion for phonons on the local rest frame is derived
and it contains the Coriolis and inertial forces in the presence of rotation and acceleration in addition to the
actual forces by potential and Hubble-like term. As for the transverse mode, there is no particle interpre-
tation because it does not propagate. Hydro-kinetic theory on the general background may provide a new
method to solve the fluctuating hydrodynamics by solving coupled equations for the background flow and
the phonon gas.
3.2. Numerical simulation of fluctuating hydrodynamics
There are also direct simulations of the fluctuating hydrodynamics on the numerical grid [37, 38, 39,
40, 41, 42]. One of the important phenomenological consequences of the thermal noise is longitudinal
decorrelation of the particle flows [42]. The longitudinal correlation of particle flows with ηa and −ηa
can be measured by rn(ηa, ηb) ≡ Vn∆(−ηa, ηb)/Vn∆(ηa, ηb) with Vn∆(ηa, ηb) ≡ 〈cos(n∆φ)〉ηa,ηb , where ηb is
a reference pseudorapidity at some forward region 3 < ηb < 4. From the simulation, the effects of initial
and thermal fluctuations are found to be comparable, indicating that it is essential to consider the effect of
thermal fluctuations in order to study the initial longitudinal fluctuations quantitatively.
In numerical simulations of the relativistic hydrodynamics, causal hydrodynamics is implemented in
order to avoid superluminal propagation and to achieve numerical stability. The fluctuating hydrodynamics
can also be extended to the causal fluctuating hydrodynamics by introducing a noise term to the constitutive
equation. Schematically, the constitutive equation and the noise correlation take the following form [43]
(1 + τRD)pi = piNS + ξ, 〈ξ(x)ξ(x′)〉 = Tκδ(x − x′) [2 + τRD ln(Tκ/τR) − τRθ] , (11)
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where D ≡ uµ∂µ denotes the local time derivative, θ ≡ ∂µuµ is the expansion rate, and κ is the transport
coefficient. In the causal hydrodynamics, the memory effect is introduced and it takes finite time τR for pi
to reach the Navier-Stokes value piNS. Correspondingly, the noise strength must also take account of the
fact that the background is evolving because of the non-instantaneous nature of the theory. This modified
fluctuation-dissipation relation results in a visible consequence in the distribution of produced entropy.
By applying the fluctuation theorem, one of the fundamental theorems in non-equilibrium physics, to the
Bjorken expansion, the average and the variance of the entropy production rate are related [44]. Numerical
simulation of the fluctuating causal hydrodynamics shows that the fluctuation-dissipation relation needs to
be modified as proposed above.
4. Summary
In a simple set up of the RTA kinetic theory in the Bjorken expansion, we understand the global feature
of the early time dynamics toward hydrodynamization, hydrodynamic attractor, and far-from-equilibrium
hydrodynamics, using the fixed point structure. Further developments in the hydrodynamic attractor based
on the microscopic theory would be desired, such as the role of plasma instability, the effect of 3-dimensional
or transverse expansion, and the description of freezeout fixed point which is an inevitable consequence of
the fireball. Experimental data should be interpreted in this whole picture with various possible fixed points
(free streaming, non-thermal, hydrodynamic, freezeout, · · · ) and we need to recognize which fixed point
property we are observing. Scanning the data by the multiplicity might be an interesting way to explore
the different trajectories. The developments in the hydrodynamic fluctuations would also help improve the
theoretical predictions in the smaller collision systems in this challenging program.
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